In this note we exhibit a very simple proof of McNaughton Theorem, almost right out of the definitions, and at the same time we observe that this theorem does not depend of Chang's completeness theorem.
We recall first a proof of the Chinese theorem for MV-algebras:
1. Lemma. Given any MV-algebra A and a, b, c ∈ A,
Lemma. Given any MV-algebra A and a pair of ideals I 1 , I 2 of A, we have:
, then there is a ∈ A such that a ≡ a 1 (I 1 ), and a ≡ a 2 (I 2 ).
Proof. We know that a 1 ⊖a 2 and a 2 ⊖a 1 ∈ (I 1 , I 2 ). Thus there are c 1 ,
Taking into account the equation
, this lemma easily generalize by induction to a finite number of ideals.
Theorem ([2] 2.6.). Given any MV-algebra A and a finite number of ideals
Let F n be the free MV-algebra on n generators, that is, the algebra of terms in n variables. Recall that for any linear polynomial in n variables with integer coefficients g there is a term a ∈ F n such that f a = g ♯ as functions Let A n be the algebra of term functions. We do not assume Chang's completeness theorem, so we can use only a surjective morphism F n → A n , not an isomorphism. We will apply theorem 3 to the algebra A n .
Theorem (McNaughton). Given any McNaughton function
Proof . Let g 1 , . . . g k be linear constituents for f . Each point p ∈ [0, 1] n determines (not univocally) a permutation σ of the set {1, . . . k} by ordering g
Consider the collection of ideals T σ in A n , and term functions h uσ ∈ A n . Then given σ, µ as above, h uσ (x) = h uµ (x) = f (x) for all x in Z σ ∩Z µ = Z(T σ , T µ ). It follows from [1, 3.4.8] 1 that d(h uσ , h uµ ) ∈ (T σ , T µ ), where d is the distance operation. By Theorem 3 above, there is a term function h ∈ A n such that h ≡ h uσ (T σ ). Then for any x ∈ [0, 1] n , h(x) = h uσ (x) = g ♯ uσ (x) = f (x). Take any a ∈ F n with h = f a .
